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Abstract

This book is designed to be a practical handbook for all finance professionals, practitioner or academic.
It is an organization of the various knowledge domains, with a focus on drawing links in the intricate
web between the theory and practice of finance that market participants seek to unfold. It contains
discussions of trading anomalies, premias and inefficiencies. It contains discussions in discretionary
and quantitative trading. Discussion stretches across theoretical work, such as statistical methods,
linear algebra and financial mathematics. Applied work in equity research, quantitative research and
macroeconomic theory is involved.

This work is attributed to the brilliant writers, academics, scientists and traders before me. Although
we have tried to credit the referenced work where relevant, to give a complete reference for its source
is impossible. The work has been organized and compiled from various texts, lecture notes, journals,
blogs, personal communications and even scraps of scribbled notes from the author’s time in college.
These contain notes from blogs referencing journals, journals referencing blogs, blogs referencing blogs
referring journals - you name it. We apologise if we have failed to credit your work. Other work
is original. Readers may reach us at hangukquant@gmail.com. The updated notes are released at
hangukquant.substack.com.

Faith is to have believe without seeing. This work is dedicated to those who placed their faith in
me. To Jeong(s), Choi, Julian and my dearest friends who have shaped my world view and colored it
rainbow.
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Chapter 1

Introduction

1.1 Guidelines for Reviewing Work

The following are the stages of alpha formulations.

Idea 1 (This means to further explore the idea creatively. This is a precursor to a Test.).
Test 1 (This refers to parameterized research idea that is to be verified as a Strategy.).
Strategy 1 (This explores the implementation and characteristics of a Test.).

The following are the stages of theoretical formulations.

Definition 1 (Standard conventions and formal nomenclature are introduced.).
Problem 1 (A formalization of the problem statement is provided).

Exercise 1 (An example or working problem to demonstrate concepts discussed).

The following are stages of theoretical derivations

Lemma 1 (An important result used as is or for other derivations.).

Corollary 1 (An important aside of the theoretical work.).

Theorem 1 (A central result with derivations).

Result 1 (A central result without proof.).

The following are for declarative statements.

Proposition 1 (An opinion of sorts.).

Fact 1 (A statement of (almost) undeniable truth.).



Chapter 2

Ordinary Calculus

Theorem 2 (Integration By Parts). The integration by parts formula takes form

/udv:uv—/vdu

Theorem 3 (L’Hopital’s Rule).



Chapter 3

Linear Algebra

Here we discuss concepts in linear algebra - notably the literature on this subject is divided into two
different schools. One introduces linear algebra as the mathematics and computation of multiply defined
linear equations. Here the focus is on teaching linear algebra as a tool for manipulation and compu-
tation in multi-dimensional spaces. Determinants are introduced early on, and focuses are on matrix
operations. The second approach is to treat matrices as abstract objects, laying focus to the structure
of linear operators and vector spaces. Determinants and matrices are only introduced later. Here we
provide both - the first will focus on the linear algebraic manipulation of matrices on finite-dimensional,
Euclidean spaces. The second treatment will focus on the underlying mathematics of the structure of
linear operators and their properties, including the mathematics in infinite dimensional vector spaces
and over complex fields. Some of these treatments and notes on Linear Algebra herein are adapted from
the texts from Ma et al. [§], Axler [2] and Roman [12].

3.1 Computational Methods in the Euclidean Space

3.1.1 Linear Systems

Definition 2 (Linear Equation). A linear equation is one in which for variables {x1,--- ,xn}, equation

takes form

i=1

where a; € R,i € [n] and b € R.

Definition 3 (Zero Equation). A zero equation is a linear equation (see Definition @) where all i €
[n],a; =0 and b= 0. That is,

0z1 4+ 0xg + -+ -0z, = 0. (3)

The variables x;,7 € [n] in Definition [2] are not known and it is our task to solve for the solutions
to these. The number of variables defines the dimensionality of our problem setting. For instance, see
that the equation ax + by + cz = d specify variables in the three-dimensional space (z,y, z) € R3. For

instance, the linear equation z = 0 specifies an xy-plane inside the xyz-space.



Definition 4 (Solution and Solution Sets to a Linear Equation). A solution to a linear equation (see

Deﬁnitz’on is a set of numbers {x1 = s1,T3 = Sa,* -+ , &y, = Sn} that satisfies the linear equation s.t.

S as, = b, (1)
i=1

The set of all such solutions is called a solution set to the equation. When the solution set is expressed
by equations representing exactly the equations in the solution set, these set of expressions are known as

the general solution.

For instance, in the xy-space, solutions to the equation x +y = 1 are points taking the form (x,y) =
(1—s, s) where s € R. In the xyz-space, the solutions to the same equation are points (x,y, z) = (1—s, s, t)
where s,t € R. The solution set form points on a plane. The solution set to the zero equation (see
Definition |3)) is the entire space R™ corresponding to the number of dimensions in the linear equation.
The solution set to .. 0z; # 0 is 0.

Definition 5 (Linear System). A finite set of m equations in n variables x1,---x, is called a linear

system and may be represented
a;1T1 + ;9T + - - -+ ainT, = by, i€ [m] (5)
where a;;,1 € [m],j € [n] € R.

Definition 6 (Zero System). A zero system is a linear system (see Deﬁm’tz’on@ where all the constants

aji,bj, i € [n],j € [m] are zero.
Definition 7 (Solution and Solution Sets to a Linear System). A solution to a linear system (see
Deﬁm’tz’on@ is a set of numbers {x1 = s1,T3 = Sa, -+ Ty, = Sp} that satisfies all linear equations (i.e)

Zajisi =bj, j €[m] (6)
i=1

The set of all such solutions is called a solution set to the system. When the solution set is expressed by
equations representing exactly the equations in the solution set, these set of expressions are known as the

general solution.

Definition 8 (Consistency of Systems). A system of linear equations that has solution set # () is said

to be consistent. Otherwise it is inconsistent.

Every system of linear equations will either be consistent or inconsistent. Consistent systems have

either a unique solution or infinitely many solutions.

Exercise 2. Show that a linear system Ax = b has either no solution, only one solution or infinitely

many.

Proof. If the linear system is not consistent then it must have no solution. Otherwise, it may have a
unique solution, or more than one solution. Suppose there are two solutions v # v and Au = Av = b.

Then we may write
Aftu+ (1 —t)v) =tAu+ (1 —t)Av=tb+ (1 —t)b=tb+b—tb=b. (7)

This is valid for all t € R, and so we have infinitely many solutions. O



For example, a system of two linear equations in two-dimensional space each representing a line has
infinite solutions if they are the same line, no solution if they are parallel but different lines, and exactly

one solution otherwise.

Exercise 3. In the xyz-space, the two equations

I
.
S
&
S

(8)
da, (E2) 9)

a1x + b1y +c1z

asx + by + coz

where a1, by, c1 # 0AJag, ba, ca # 0 represents two planes. The solution to the system is the intersection
between the two planes. Logicize that there is either no solution (Ey//FE2) or infinite number of solutions
((Ey = Es) V (Eq intersects Ey on a line)).

3.1.1.1 Elementary Row Operations (EROs)

Definition 9 (Augmented Matrix Representation of Linear Systems). See that the system of linear
equations (Deﬁm'tion@ given

V] cm, Z Q;jiTi = b]' (10)
=1

may be represented by the rectangular array of numbers

:

ail a2 - Ain | b1
I

a1 Ay - Qop 1 b
1 11
I ( )
|

Am1 Am2 Tt Amn 1 bm

and we call this the augmented matriz of the system. We denote this (A|b). Sometimes, we omit this

representation and just assign a single letter, say M, to represent the entire matriz.

Definition 10 (Elementary Row Operations). When we solve for a linear system, we implicitly or
explicitly perform the following operations; i) multiply equation by some non-zero k € R, (ii) interchange
two equations, (iii) add a multiple of one equation to another. In the augmented matriz (see Definition
@, these operations correspond to multiplying a row by a non-zero constant, swapping two rows and
adding a multiple of one row to another row respectively. These three operations are collectively known

as the elementary row operations. We adopt the following notations
1. kR; = multiply row i by k.
2. R; < R; = swap rows i, j.
3. Rj + kR; = add k times of row i to row j.

Definition 11 (Row Equivalent Matrices). Two matrices A, B are said to be row equivalent if one may

be obtained by another from a series of EROs. We denote this by
AZB. (12)

Theorem 4 (Solution Sets of Row Equivalent Augmented Matrix Represented Linear Systems). Two
linear systems (Definition[5) with augmented matriz representations (A|b), (C|d) have the same solution

set if (A]b) Z (C|d).

Proof. See proof in Exercise [14] using block matrix notations. O



3.1.1.2 Row-Echelon Forms

Definition 12 (Leading Entry). The first non-zero number in a row of the matriz is said to be the

leading entry of the row.

Definition 13 (Zero Row). Let the row representing a zero equation (see Definition[3) be called the zero

row.

Definition 14 (Zero Column). Let the column representing all zero coefficients in the representative
linear system for some variable (see Deﬁm’tion@ be called the zero column. That is, the column has all

ZETO0S.

Definition 15 (Row-Echelon Form (REF)). A matriz is said to be row-echelon if the following properties
hold:

1. Zero rows (Deﬁm’tz’on are grouped at the bottom of the matrix.

2. If any two successive rows are non-zero rows, then the higher row has a leading entry (Definition

@) occurring at a column that is to the left of the lower row.
For matriz A, we denote its matriz REF as REF(A).

Definition 16 (Pivot Points/Columns). The leading entries (Definition [I3) of row-echelon matrices
(Definition are called pivot points. The column of a row-echelon form containing a pivot point is

called a pivot column, and is otherwise a non-pivot column.

Definition 17 (Reduced Row-Echelon Form (RREF)). A reduced row-echelon-form matriz is a row-

echelon-form matriz that has

1. All leading entries of non-zero row equal to one. (Deﬁm’tions and

2. In each pivot column, all entries other than the pivot point is equal to zero. (Deﬁm’tion@)
For matriz A, we denote its matric RREF as RREF(A).

Note that a zero system is an REF (and also an RREF) by the Definitions |15| and We show that

obtaining the REF and RREF gives us an easy way to obtain the solution set to a linear system.

Exercise 4 (Finding solutions to REF, RREF Representations of Linear Systems; Back-Substitution

Method). Find the solution set to the linear systems represented by the following augmented matrices.

(see Definitions[9, [3 and[]))

1.
1001
01 02 (13)
00 1:3

2.
022 1 —2:2
0011 1:3 (14)
0000 24



1 -1 0 3!-2
0 205 (15)
0 0 000
4.
00 0:0
1 (16)
0 0 010
5.
3 114
0 21 (17)
0 0:1
Proof. 1. Tt is easy to see that x1 = 1,22 = 2,3 = 3 is the unique solution this linear system.

2. Since this represents the linear system

2eo + 223+ 4 — 225 = 2, (18)
r3+xa+x5 = 3, (19)
25 = 4, (20)

solve. We let the solutions to variables of non-pivot columns be arbitrary. That is, ;1 € R. The

third equation says x5 = 2. Substituting into the second equation, get
T3+ T4 +2 =3, (21)
so x3 = 1 — x4. Substituting into first equation,
20 +2(1 —wg) 41y —2-2=2, (22)

SO X9 = 2+ %m. So there are two free parameters, and we arrive at the general solution
(z1,22,23,24,25) = (8,2 + %t,l —t,t,2), where s,t € R. This technique is known as the back-

substitution method.

3. By the same back-substitution method, arrive at the general solution (x1, %2, 23,24) = (-2 + s —
3t, 8,5 — 2t,t) where s,t € R.

4. The solution set is (r,s,t) = R3.

5. This system is inconsistent! (Definition

3.1.1.3 Gaussian Elimination Methods

Let AZR IfRis (R)REF, R is said to (reduced) row-echelon form of A and A is said to have (R)REF
form R.

Theorem 5 (Gaussian Elimination/Row Reduction and Gauss-Jordan Elimination). We outline the

algorithm to reduce a matriz A to its REF B.



1. Locate the leftmost non-zero column (see Definition .

2. If this happens to be the top-most column, then continue. FElse, swap the top row with the row

corresponding to the leading entry (Deﬁm'tion@ found in the previous step.

3. For each row below the top row, add a suitable multiple so that all leading entries below the leading

entry of the top row equals zero.

4. From the second row onwards, repeat algorithm from step 1 applied to the submatrix until REF is

obtained.
To further get a RREF from REF obtained,

5. Multiply a suitable constant to each row so that all the leading entries become one.

6. From the bottom row onwards, add suitable multiples of each row such that all rows above the

leading entries at pivot columns (Deﬁmtz'on@) are all zero.

Steps 1 — 4 are known as Gaussian Elimination. Obtaining the RREF via Steps 1 — 6 is known as

Gauss-Jordan elimination.
Exercise 5. Obtain the RREF of the following augmented matriz

0 0 2 4 2i8
1 2 4 5 3:-9

-2 -4 -5 -4 3.6

via Gauss-Jordan Elimination (see Theorem @

Proof. Recall the notations for EROs (see Definition [L0). We perform the following steps;

1 2 4 5 3i-9
0 0 2 4 208 Ry < Ro,
-2 -4 -5 —4 3! 6 |
(1 2 4 5 31 -9 ]
00242 8 Ry +2- Ry,
|00 3 6 912
[1 2 4 5 31 -9 ] ;
00242 8 R — 5 Ra,
L0 0 0 0 6;—24
(1 2 45 31-9] X X
00 1 2 134 §R2, 6R37
(00 0 0 1}-4
(1 2 4 5 0! 3 ]
001208 Ry—1-Rs, Ri—3-Rs,
[0 0 0 0 1;—4
120 -3 0i-29
001 2 0f8 Ry —4- Ry.
000 0 1;—4

|

lwe thank reader Irena for the correction of errata in the Gaussian Elimination workings.

(24)

(25)



Result 2 (REF and their Interpretations for Solution Sets). Consider the REF (Alb) augmented matriz
form (see Definition @ Note that every matrix has a uniqgue RREF but can have many different REFs.
If a linear system is not consistent (Definition @, then the last column of the REF form of the augmented
matriz is a pivot column. In other words, there will be a row representing an equation where Y. O0x; = c,
but ¢ # 0. There is no solution to this linear system. A consistent linear system has a unique solution
if except the last column b, every column is a pivot column. This system has as many variables in the
linear system as the number of nonzero rows in the REF. If there exists a non-pivot column in the REF
that is not the last one (b), then this consistent linear system has infinitely many solutions. This linear

system has number of variables greater than the number of non-zero rows in the REF.

Note that when solving for linear systems in which the contents are unknown constants, then we need

to be careful about performing illegal row operations. That is, assume an augmented matrix
a 1l 0ia
11 11 (30)
01 aib

and in order to make the second row leading entry 0, we would perhaps like to perform Ry — %Rl.
However, we do not know that a # 0. In this case, we can consider either first swapping the first and

second row and progressing, or perform a by-case method.

3.1.1.4 Homogeneous Linear Systems

Definition 18 (Homogeneous Linear Systems). A linear system (Definition[18) is homogeneous (HLS)
if it has augmented matriz representation (A|b) where b =0 and all constants a;;, € R,¥i € [m],Vj € [n].

See that the HLS is always satisfied by z; = 0,7 € [n] and we call this the trivial (sometimes, zero)

solution. A non-trivial solution is any other solution that is not trivial.

Exercise 6. See that in the zy-plane, the equations

ax+by = 0, (31)
asx +by = 0 (32)

where ay,b1 not both zero and as,bs not both zero each represent straight lines through the origin, The
system has only the trivial solution when the two equations are not the same line, otherwise they have
infinitely many solutions. In the xyz-space, a system of two such linear equations passing through the
origin always has infinitely many (non-trivial) solutions in addition to the trivial one, since they are

either the same plane or intersect at a line passing through the origin at (0,0,0).

Lemma 2. A HLS (Definition @ has either only the trivial solution or infinitely many solutions in

addition to the trivial solution. A HLS with more unknowns than equations has infinitely many solutions.

Proof. The first assertion is trivial since the zero solution satisfies it. The second assertion follows
from considering the REF of the augmented matrix representation of a HLS with more unknowns than
equations, then apply Result O

Exercise 7. For a HLS Ax = 0 (Definition @ with non-zero solution, show that the system Ax = b

has either no solution or infinitely many solutions.



Proof. By Theorem [2] a HLS system has no solution, one solution or infinite solutions. But suppose
there is some solution u s.t. Au = b. Let v be non-zero solution for the HLS s.t. Av =0, v # 0. Then
A(u+v) = Au+ Av =b+0 = b, so u+w is solution and u+v # u. But by Lemma the solution space
for Az = 0 must have infinitely many vectors if such a v exists. It follows Az = b has infinitely many
solutions if Ju s.t Au =b. O

3.1.2 Matrices

We formally defined augmented matrices in Definition 0] In the earlier theorems, we also referred to

generalized matrix representations of numbers. We provide formal definition here.

Definition 19 (Matrix). A matriz is a rectangular array (or array of arrays) of numbers. The numbers
are called entries. The size of a matriz is given by the rectangle’s sides, and we say a matriz A is m X n
for m rows and n column matriz. We can denote the entry at the i-th row and j-th coordinate by writing

Agijy = a;j. This is often represented

ail a12 A1n
a1 @22 a2n

A= , (33)
Am1 Am2 ° - Amn

and for brevity we also denote this A = (a;;)mxn, and sometimes we drop the size all together and write
A = (aij),

Definition 20. For brevity, given a matriz A (Deﬁnition@) we refer to its size by using the notation
nrows(A) and ncols(A) to indicate the number of rows in A and number of columns in A respectively.

That is, A is a matriz size nrows(A) x ncols(A).

Definition 21 (Column, Row Matrices/Vectors). A column matriz (vector) is a matriz with only a

single column. A row matriz (vector) is a matrix with only one row.

Definition 22 (Square Matrix). A square matriz is a matriz (Deﬁnition@) that is square (number of

rows is equivalent to the number of rows). We say Anxn square matrix is of order n.

Definition 23 (Diagonal Matrix). A square matriz A of order n (Definition @) is diagonal matriz if

all entries that are not along the diagonal are zero. That is,
a;; =0 when i # j. (34)

Definition 24 (Scalar Matrix). A diagonal matriz (Deﬁnitz'on is scalar matriz if all diagonal entries

are the same, that is
0 i#j
aij = { .. (35)
c =17
for some constant ¢ € R.

Definition 25 (Identity Matrix). Scalar matriz (Definition is identity matriz if the diagonals are
all one, that is c = 1. We often denote this as 1. If the size needs to be specified, we add subscript 1,

to indicate order n.
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